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Abstract: We investigate the possible effects on the evolution of perturbations in the
inflationary epoch due to short distance physics. We introduce a suitable non local action
for the inflaton field, suggested by Noncommutative Geometry, and obtained by adopting a
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1. Introduction: noncommutative spaces and deformed products
The increasing precision of astronomical data is opening the possibility that the study of
several features of our universe may give hints on yet unknown properties of fundamental
interactions at energy scales well beyond the domain of standard accelerator experiments.
For example, it is conceivable that some cosmological observables, influenced by the very
early stages of the evolution of the universe, may provide clues on the nature of gravitational
interactions at very small distances. Although it is standard to assume that the scale at
which the properties of spacetime are modified is close to the exceedingly small Planck
length lP , many models have been recently proposed in which this scale (set presumably
by the fundamental string length) is several order of magnitude higher [1, 2, 3].
Inflation provides a particularly suitable framework for these considerations, through
its predictions for the primordial perturbations. These perturbations, responsible for struc-
ture formation and for the temperature anisotropies in the Cosmic Microwave Background
(CMB), arise as quantum fluctuations during the inflationary epoch and are stretched to
cosmological scales by the huge expansion. Hence, they are sensitive to physics at distances
at least as small as the horizon size during inflation, which in the simplest models is about
five orders of magnitude higher than lP , although they are probably generated at even
smaller scales.
This issue has been studied in the last few years by several authors [4]–[17] (other
cosmological and astrophysical implications of new physics at short distance have also
been discussed. See for example [18]–[21]). Although they use different models, most of
these analyses share the idea that the appearance of this new length scale can be modelled
in terms of a transition from an ordinary to a “quantum” spacetime, in a way which is
reminiscent of the transition from classical to quantum phase space. Another possibility is
to consider a deformation of the usual Heisenberg algebra [22, 23]. The general finding is
that short distance physics may affect both the gaussian character of the fluctuations, as
well as their isotropy.
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It has been recently realized [24, 25] that a consequence of string theory is that the
structure of spacetime becomes noncommutative. The noncommutativity of the vertex
operators, in the low momentum limit, representing the interaction of strings, and whose
low energy limit gives rise to ordinary spacetime [26], leads to a spacetime which can be
described loosely as an analog of a quantum phase space, in terms of the algebra generated
by noncommuting coordinates
[xµ, xν ] = iΘµν(x) , (1.1)
with Θµν an antisymmetric tensor. This is a particular kind of a Noncommutative Geom-
etry [27, 28, 29, 30]. Since the coordinates do not commute, a Heisenberg principle is at
work, and the concept of point is no more meaningful. This is similar to what happens in
the quantization of a classical system. In this case the phase space loses its meaning as
an ordinary manifold, and the observable quantities corresponding to the coordinates in
phase space become selfadjoint elements of the algebra of operators on an Hilbert space.
To each function on phase space is then associated an operator on an Hilbert space, and
the product of functions is the operator product, which is noncommutative. An equivalent
procedure [31] is to consider a deformation of the algebra of functions on the ordinary
phase space. The functions are the same, but their product is not the usual pointwise one,
but one which reproduces the multiplication of operators. The technique to study non-
commutative spacetime is similar. The main tool is the definition of the deformed algebra.
For a constant Θµν , and in a flat space, the ⋆ product [32, 33] is defined as follows1
f ⋆ g ≡
∞∑
k=0
1
k!
(
i
2
)k
Θµ1ν1 · · ·Θµkνk (∂µ1 · · · ∂µkf) (∂ν1 · · · ∂νkg)
= fg +
i
2
Θµν∂µf∂νg − 1
8
Θµ1ν1Θµ2ν2(∂µ1∂µ2f)(∂ν1∂ν2g) +O(Θ
3) . (1.2)
At zeroth order in Θµν this expression reduces to the ordinary (commutative) pointwise
product while, at higher order, derivatives of the fields appear. The definition (1.2) gen-
eralizes eq. (1.1) in that xµ ⋆ xν − xν ⋆ xµ = iΘµν . A theory on a noncommutative space
of this kind is obtained by substituting all products between fields in the action by the ⋆
product. This implies that the theory becomes nonlocal.
Field theories with ⋆ products have been studied extensively, from the early work of [34,
35, 36, 37]. For recent reviews with extensive references see for example [38, 39, 40, 41].
Most of the work has been done in the case of flat spacetime, and for a constant Θµν with
only space-like nonvanishing components, Θ0i = 0 (hereafter we use latin indexes for spatial
components). The main motivation for this choice is that the theory would be local in
time, and therefore unitary. On the other hand, in order to preserve Lorentz invariance, the
commutator of the xµ’s must be a tensor, and its transformation under a boost will produce
nonvanishing space-time components. This problem has been investigated in [42, 43] among
others. The solution to this puzzle lies in the fact that a theory described by a ⋆ product,
1If Θµν is non degenerate, the product in (1.2) is an asymptotic expansion of the more general inte-
gral expression (f ⋆ g)(x) = (1/π)n
∫
Rn
∫
Rn
exp
(
2i(Θ−1)µν (x
µyν + yµzν + zµxν)
)
f(y)g(z)dny dnz. For a
primer of the various expressions of the product see [30, section 3.5].
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as we said, is only an effective theory of a more fundamental theoretical framework, which
only in a low energy limit gives rise to the relatively simple product (1.2). In string
theory the components Θij correspond to a magnetic field, while the Θ0i to an electric
field. A treatment of scattering of strings in an electric field [44, 45] shows that in this
case unitarity is restored by the presence of massive open strings modes, or branes, which
cannot be neglected. In light of these results the unitarity condition can be cast in an
invariant form, by requiring
ΘµνΘµν > 0 , ǫµνρσΘ
µνΘρσ = 0 , (1.3)
i.e. there exists a particular frame where only space-like components of Θµν are nonvanish-
ing. In all other frames brane modes should be included to guarantee a unitary behaviour
of the dynamics. Another possibility [46], which does not make use of string theory, is
based on the framework developed in [34]. In the rest of the paper we will take Θµν to
have only space-space nonvanishing components.
The ⋆ product defined in eq. (1.2) defines an associative algebra for a constant Θµν ,
and flat Minkowski metric. The problem of finding a deformed product, in the most
general case of a Poisson manifold, has been formally solved by Kontsevich [47]. This
solution is however at the level of formal series in the coordinates. Hence, although of
great interest from a mathematical point of view, it is of limited practical use. Other
noncommutative geometries leading to deformed products have been discussed in various
contexts, for example in a class of deformed products based on three dimensional Lie
algebras [48], but the list of examples is rather lengthy [49, 50, 51]. All of these products
are nonlocal.
In this paper we discuss some effects that a nonlocal theory, based on noncommutative
geometry, might have on the evolution of perturbations produced during the inflationary
epoch. As in [14], we will start considering a ⋆ deformed action for a scalar field at the lowest
non trivial order in Θµν . However, in the spirit of general covariance, we first introduce
in section 2 a suitable covariant definition for star product, which reduces to (1.2) in flat
space, and discuss our assumptions on the antisymmetric tensor Θµν . We then consider the
simplest case of a quadratic potential for the inflaton field, though the formalism can be
straightforwardly applied to an arbitrary polynomial potential. In section 3 we deduce the
equation of motion for field fluctuations, which can be cast in a simple form, analogous to
the usual commutative case, up to a term which breaks spatial isotropy. Finally we consider
how our results may affect the CMB spectrum, and give our conclusions and outlooks.
2. Noncommuting variables in the inflation era
We assume that the effect of a quantum-like behaviour of spacetime at short distances
can be described via the introduction of the non trivial commutator (1.1) for comoving
coordinates xµ ≡ (t,x) for a flat Friedmann-Robertson-Walker (FRW) metric.2 There are
some natural requirements which limit the choice of the dimensionful quantity Θµν :
2We use unit ~ = c = 1.
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(i) to satisfy unitarity in the comoving frame we take Θ0i = 0;
(ii) we require that the uncertainty principle, which follows from eq. (1.1), affects localiza-
tion in physical coordinates only at some length scale, and is therefore consistent with
a correspondence principle. The simplest form for Θij which realizes this condition
in the comoving frame is the following
Θij =
f ij(x)
a2
, (2.1)
where a is the scale factor of the universe and its exponent in (2.1) is dictated by the
above condition;
(iii) in a homogenous background metric, it is reasonable to assume a spatially constant
Θµν . With no loss of generality we can therefore choose a frame where the only
nonvanishing space-space component of Θµν is
Θ12(t) =
1
Λ2a2
, (2.2)
with Λ−1 the noncommutativity length scale.
It is interesting to note that, using the expressions for the non vanishing Levi Civita
connections in a critical FRW spacetime
Γi0j =
a˙
a
δij , Γ
0
ij = aa˙δij , (2.3)
expression (2.2) implies
DρΘ
12 = 0 . (2.4)
with Dρ the covariant derivative.
We now construct a covariant, nonlocal action for a scalar field φ, inspired by noncom-
mutative geometry, with the introduction of a deformed ∗ product3
For a polynomial potential the effective action we will consider will be of the form
S =
∫
d4x
√−g
[
1
2
(∂µφ) ∗ (∂µφ)− λ
n!
φ ∗ · · · ∗ φ
]
≡
∫
d4x
√−g
[
1
2
(∂µφ) ∗ (∂µφ)− λ
n!
φ∗n
]
, (2.5)
Since spacetime is now curved, we cannot unambiguously use the ⋆ product defined in (1.2)
since it is not manifestly covariant. This however immediately suggests that the simplest
generalization is via the substitution of ordinary partial derivatives in (1.2) with covariant
derivatives. We therefore define a new, curved, ∗ product
f ∗ g ≡
∞∑
k=0
1
k!
(
i
2
)k
Θµ1ν1 · · ·Θµkνk (Dµ1 · · ·Dµkf) (Dν1 · · ·Dνkg) . (2.6)
3We will reserve the symbol ⋆ for the flat case product defined in (1.2), with a constant Θµν .
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The main problem with the definition (2.6) is that it defines a product, in general,
nonassociative. In flat space, covariant derivatives reduce to commuting ordinary deriva-
tives, and with a constant Θµν , the product ⋆ is associative. In a curved background, the
constancy requirement translates into the condition that DρΘ
µν = 0 for all non vanishing
components which appear in (2.6). Since the solution (2.2) satisfies this requirement, this
further justifies our choice.
However the appearance of the commutators [Dµ,Dν ], which in a curved background
vanish only on scalar functions spoils associativity. Notice that (thanks to the choice (2.2))
the nonassociativity appears only at fourth order in Θµν , while noncommutative effects
are already present at order Θ2. This enable us to apply a kind of Θµν-perturbative
analysis to any analytic potential V =
∑
n λn φ
∗n, as well as to evaluate scalar field n
point functions, 〈φ(t,x1) ∗ · · · ∗ φ(t,xn)〉, provided we only consider the lowest nontrivial
(quadratic) contribution in Θµν . In the following we will spell out the conditions under
which this is justified.
To conclude this section we note, in passing, that the algebra of the vertex operators
representing fundamental ground state strings is only associative in the limit of the string
parameter α′ → 0 [25] . Other nonassociative products (of a different kind) have appeared
in the connections between strings and noncommutative geometry [52].
3. Nonlocal free scalar field in an expanding universe
We consider the action (2.5) for a quadratic potential
S =
∫
d4x
√−g
[
1
2
(∂µφ) ∗ (∂µφ)− m
2
2
φ ∗ φ
]
= S0 + δSK + δSV +O
(
Θ4
)
, (3.1)
where δSK and δSV represent the lowest non trivial corrections (O(Θ2)) to the kinetic and
potential terms in S respectively. The correction to the mass term can be rewritten as4
δSV = −m
2
32
∫
d4x
√−gΘµνΘρσ ([Dµ,Dν ]Dσφ)Dρφ =
=
m2
32
∫
d4x
√−gΘµνΘρσRτσµν∂τφ∂ρφ . (3.2)
To obtain this expression, we have used that DµΘ
12 = 0 and assumed the vanishing of the
boundary term ∫
d4x
√−g DµV µ =
∫
d4x ∂µ
(
a3V µ
)
,
V µ ≡ ΘµνΘρσDρφ (DνDσφ) . (3.3)
After some algebra and using the expressions for the Riemann tensor in a FRW universe,
eq. (3.3) can be cast in the form
δSV = −m
2
16
∫
d4x a3
1
Λ4
(
a˙
a
)2 (
∂1φ∂
1φ+ ∂2φ∂
2φ
)
, (3.4)
4We adopt the notation of [53].
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With an analogous computation, one finds
δSK =
1
32
∫
d4x
√−gΘµνΘρσ (DρDτφ) ([Dµ,Dν ]DσDτφ)
=
1
16
∫
d4x a3
1
Λ4
(
a˙
a
)2 [
∂m∂0φ∂
m∂0φ+ ∂m∂iφ∂
m∂iφ−
− 2 a˙
a
∂mφ∂0∂mφ+
(
a˙
a
)2
∂mφ∂
mφ
]
, (3.5)
with m = 1, 2.
The two terms δSK and δSV break isotropy. However, as long as S0 is the leading
contribution, the scalar field φ can be still assumed to be spatially constant up to small
quantum fluctuations. Note that, for our choice of Θµν , the corrections δS do not contribute
to the action for the homogeneous component. For this reason, the background evolves
as in the standard case, if the backreaction of fluctuations can be neglected. To study
the evolution of fluctuations, it is standard [54] to use conformal time dη = dt/a, and
decompose
φ =
χ0(η)
a
+
∫
d3k
(2π)3/2 a
(
ak χk (η) e
ik·x + a†
k
χ∗k(η)e
−ik·x
)
, (3.6)
with ak,a
†
k
satisfying canonical commutation relations. The action for fluctuations, up to
second order, evaluated in the vacuum after normal ordering, becomes
S =
∫
dη d3k
[
|χ′k|2 +
(
a′′
a
− a2m2 − k2
)
|χk|2 +
+
H2
8Λ4 a2
(
−k2⊥ |χ′k|2 + k2 k2⊥ |χk|2 +
+
(
10 a2H2 − 6 a
′′
a
+ a2m2
)
k2⊥ |χk|2
)]
, (3.7)
where k2 ≡∑i k2i , k2⊥ ≡ k21 + k22 , H = a˙/a, and ′ denotes derivation with respect to η.
Since we are interested in the dynamics during the inflationary epoch, we consider a
de Sitter Universe,5 setting the origin of time so that η = −1/(aH). It is convenient to
redefine
χk(η) ≡
(
1− ǫ2 k2⊥ η2
)−1/2
yk(η) ,
ǫ2 ≡ H
4
8Λ4
, (3.8)
so that, up to a total derivative, the action (3.7) becomes
S =
∫
dη d3k
(|y′
k
|2 − ω2
k
|yk|2
)
,
ω2k ≡ k2 −
2
η2
+
m2
H2 η2
+
ǫ2 k2⊥(
1− ǫ2k2⊥η2
)2 , (3.9)
5In the model we are considering, H is actually slowly decreasing, so that the spacetime is not ex-
actly de Sitter. This leads to a small logarithmic decrease of the spectrum of fluctuations with increasing
momentum [54], which for the purposes of this paper can be neglected.
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Notice that eq. (3.9) is meaningful only to first order in ǫ2 k2⊥ η
2, since we have neglected
higher order corrections in Θµν in the action (3.1). Our perturbative analysis is thus valid
only for
η2 < η2i ≡
8Λ4
H4 k2
. (3.10)
This condition can be easily understood as follows. In a de Sitter Universe, physical scales
a/k grow exponentially, while the horizon H−1 is constant. Any given mode k is then well
inside the horizon in the remote past (η → −∞) and well outside in the remote future
(η → 0). For our choice of the time origin, the horizon crossing occurs at ηc = −1/k. If we
rewrite eq. (3.10) as
a/k
Λ−1
>
(
H2
8Λ2
)1/2
, (3.11)
we see that our analysis can be applied to a given mode k only for times such that the
corresponding physical scale is larger than the length scale ǫ1/2Λ−1. Imposing ηi < ηc
so that we can follow the dynamical evolution of the mode k at quadratic order in Θµν
well before its horizon crossing, simply amounts to require that Λ > H, i.e. that the scale
of noncommutativity is smaller than the size of the horizon. Of course this result also
shows that any new effect induced by the length scale Λ−1 is not negligible provided this
parameter is not much smaller than the horizon size, [5, 6, 11].
For η ≪ ηi, the equation of motion following from eq. (3.9) becomes6
y′′k +
(
− 2
η2
+ k2 + ǫ2k2⊥
)
yk = 0 . (3.12)
In the time interval ηi ≪ η ≪ −1/k, the action of a given mode yk is approximately
the one of a harmonic oscillator with the adiabatically changing frequency ωk. Condition
η ≪ −1/k indicates that the mode is well inside the horizon, so that the expansion of the
Universe is at this stage negligible. Since the frequency is adiabatically changing, we adopt
the standard procedure (see for example [54]) to start with the adiabatic vacuum state
yk =
1√
2ωk
e−i ωk η . (3.13)
As well known, the choice of initial conditions is a major problem. In the standard
scenario one assumes that modes emerge at the Planck scale from a stage where quantum
gravity effects cannot be ignored. Subsequent evolution of these modes is then ruled by
known physics. In our analysis, the threshold scale is given by η = ηi, i.e. for an initial
physical scale of the mode of the order of H/Λ2. If during these early times the frequency of
any given mode is real and adiabatically changing (ω′ ≪ ω2), one expects that fluctuations
are always “kept” in the adiabatic vacuum (3.13), since this minimizes the energy of the
field (see, for example, [5] for a recent discussion). Imposing ηi ≪ −1/k allows us to
have an adiabatically changing frequency for a nonvanishing time interval, from which
the choice (3.13) is motivated. Although eq. (3.9) may lead to the conclusion that the
6We neglect the mass term contribution to ω2k, see eq. (3.9). From a more detailed analysis (i.e. taking
into account the time dependence of H), one can show that this term is relevant only at the end of inflation.
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adiabaticity condition breaks at η ≃ ηi, we stress that this equation is valid for η ≫ ηi, so
that we cannot exclude on the basis of the present analysis that the change of frequency is
indeed adiabatic also at earlier times.
We thus start from (3.13) and solve the evolution equation (3.12). Expanding also the
redefinition (3.8) to first order in ǫ2k2⊥η
2, one finds
ϕk ≡ χk
a
=
H η√
2α k
e−iαkη
(
1− 1
2
(α2 − 1) k2 η2
)[
1− i
α k η
]
,
α ≡
√
1 + ǫ2 sin2 ϑ , (3.14)
where k⊥ = k sinϑ and ϑ is the angle between k and the third axis. From this result and
eq. (3.8), the scalar fluctuation have the late time amplitude
|ϕk| = H√
2 k3/2
(
1− 3
32
H4
Λ4
sin2 ϑ
)
, (3.15)
up to correction of higher order in ǫ2.
The first term in (3.15) is the standard result, valid for fluctuations of a massless field in
a de Sitter universe. The second is instead a new effect induced by the Θµν depending terms
in the action (3.1), and explicitly shows the presence of a preferred direction associated
with the nonvanishing component Θ12. It is worth noticing that this correction does not
decrease at later times, so that the imprint of noncommutativity is preserved even after
the physical scales of the fluctuations have grown to much larger sizes than Λ−1. In the
next section, we will discuss a possible observational implication of this result.
4. A possible signature in the cosmic microwave background
One of the main successes of inflation is the generation of a nearly flat spectrum of adia-
batic scalar metric perturbations. These primordial inhomogeneities are the seeds of both
structure formation and the temperature anisotropies observed in the CMB . In this section
we discuss how our findings may affect these perturbations.
We first briefly review the standard case. For an isotropic stress energy tensor, as it is
the case for a minimally coupled scalar field, scalar metric perturbations can be described
by a single gauge invariant variable Φ [55]. In longitudinal gauge, the perturbed metric
can be written in terms of Φ as
ds2 = dt2(1 + 2Φ)− a2dx2 (1− 2Φ) . (4.1)
For a semiclassical treatment of fluctuations, necessary in order to find their initial nor-
malization, it is convenient to introduce a second gauge invariant quantity [56], which is a
superposition of the scalar metric fluctuation Φ and the inflaton fluctuation ϕ
v = a
(
ϕ+
z
a
Φ
)
, z ≡ aφ˙
H
. (4.2)
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Using Einstein equations, the action for fluctuations up to second order can be written in
a remarkably simple form for vk, the Fourier transform of v
S =
1
2
∫
dη d3k
[
|v′k|2 − k2|vk|2 +
z′′
z
|vk|2
]
. (4.3)
This expression further simplifies during inflation, due to the slow motion of the inflaton
field. For inflation to occur, the φ field must be in a region of the potential which satisfies
the flatness conditions
ε˜ ≡ M
2
P
2
(
1
V
δV
δφ
)2
≪ 1 ,
η˜ ≡ M2P
1
V
δ2V
δφ2
≪ 1 , (4.4)
where MP is the reduced Planck mass MP = 2.4 · 1018GeV. As long as the slow roll
conditions (4.4) hold, one finds
z′ ≃ z a
′
a
(1− η˜ + 2 ε˜) ≃ z a
′
a
. (4.5)
The action (4.3) thus simplifies to
S =
1
2
∫
dη d3k
[
|v′k|2 − k2|vk|2 +
a′′
a
|vk|2
]
, (4.6)
which coincides with the action of a (properly normalized) massless scalar field, see eq. (3.7)
with vanishing Θµν .
In the following we want to study how the effects discussed in the previous section
may modify this standard picture. Admittedly, these considerations cannot be completely
rigorous, since it is likely that also the fluctuations of the field Θµν(t) should be included
in the calculation. This would amount in considering the (unknown) dynamics of Θµν .
On the other hand, we stress that, at least in the standard case, the possibility to
describe metric scalar fluctuations as the fluctuations of a massless minimally coupled
scalar field is mainly due to the slow evolution of the inflaton field, i.e. to the slow roll
conditions (4.4), which (as all background quantities) are left unchanged by the choice
Θ0i = 0. We thus may proceed in analogy with the standard case, and assume that
eq. (3.7), with m = 0, describes also the dynamics of the fluctuations vk. In this way,
we follow the common procedure (see e.g. [4]–[17]) to assume that nonstandard physics
modifies the dispersion relation of quantum field excitations, and to use this relation (in
our case the frequency ω2
k
given in eq. (3.9)) to compute also the evolution of metric
perturbations. From the analysis of the previous section, we find (see eq. (3.14))
vk = −−iH√
2
e−iαkη
(αk)3/2
(
1− 1
2
(α2 − 1) k2 η2
)
(1 + iαkη) . (4.7)
From vk one can define another gauge invariant quantity (originally denoted as φm in [55],
and as R in [57]) ζk ≡ Hvk/(a φ˙) which represents the metric scalar perturbation on co-
moving hypersufaces, on which fluctuations of the stress energy tensor are at rest. Except
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on scales where gravitational collapse has taken place, this primordial quantity is related
to the observed CMB temperature anisotropies δT/T through a linear transfer function T .
This function depends upon physics at scales which are much larger than the scale of non-
commutativity Λ−1, and therefore it is perfectly legitimate to assume that T is rotationally
invariant as in the standard case. Hence, by expanding the temperature anisotropies in
terms of spherical harmonics Ylm, one can write [57]
δT
T
=
∞∑
l=1
l∑
m=−l
almYlm ,
alm =
4πil
(2π)3
∫
d3k T (k, l) ζk Ylm
(
kˆ
)
. (4.8)
The first issue to discuss is whether the effects of noncommutativity may produce temper-
ature fluctuations which deviate from a gaussian distribution. We start introducing the
equal time n-point correlation function for the gauge invariant quantity v(x, η)
∆(x1, . . . ,xn; η) ≡ 〈v(x1, η) ∗ · · · ∗ v(xn, η)〉 . (4.9)
To compute this quantity we therefore need a generalized ∗ product definition acting on
(scalar) functions evaluated at different spacetime points. In analogy with our discussion
of section 2, it is easy to see that this can be defined, at quadratic order in Θµν , as follows
(see for example [38])
f1(x1, η) ∗ · · · ∗ fn(xn, η) ≡ (4.10)
≡
(
1 +
i
2
∑
a<b
ΘµνDaµD
b
ν −
1
8
∑
a<b,c<d
ΘµνΘρσDaµD
b
νD
c
ρD
d
σ
)
f1(x1, η) · · · fn(xn, η) ,
where a, b, c, d run over 1, . . . , n and, as in section 2, the only non vanishing component is
Θ12, satisfying DρΘ
12 = 0. Notice that since we are considering an equal time product, and
Θ12 depends on η only, this expression is defined unambiguously. Moreover, reasoning as in
section 2, it is worth stressing that the product (4.10) is associative when applied to scalar
functions, so that the n-point function (4.9) is uniquely defined and can be expressed, via
Wick theorem, in terms of lower order correlation functions.
Using (4.10) and the definition of ǫ2 in (3.8), it is easy to get
∆(x1,x2; η) =
∫
d3k
2π3
eik·(x1−x2)|vk|2(1− 2ǫ2k2η2) (4.11)
∆(x1,x2,x3,x4; η) =
(
∆(x1,x2; η)∆(x3,x4; η) −
− 4
∫
d3k
2π3
∫
d3k′
2π3
|vk|2|vk′ |2k2k′2ǫ2η4 ×
× sin2 ϑ sin2 ϑ′ sin2 ψeik·(x1−x2)eik′·(x3−x4)
)
+
+(2↔ 3) + (2↔ 4) (4.12)
where vk is given in (4.7) and with, as in the previous section, k⊥ ≡ k sinϑ, k′⊥ ≡ k′ sinϑ′,
and moreover k⊥·k′⊥ ≡ k⊥k′⊥ cosψ. Notice that the same result holds for the correlation
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functions of the Fourier anti-transform of ζk, since the factor Ha/φ˙ depends on η only.
Eq. (4.12) shows that, for late times η → 0, well after horizon crossing for those scales which
are of cosmological interests today, deviation from gaussianity due to the noncommutativity
scale Λ is suppressed by the factor (k/aΛ)4. This is actually a consequence of the fact that
in the comoving frame Θ12 scales as a−2, so that its role at energy scales much smaller
that Λ is expected to be negligible.7 It is important to stress again that deviation from
isotropy, encoded in the parameter α, see eq. (4.7), is instead unaffected by the evolution
after horizon crossing. Perturbation amplitudes keep in fact their momentum distribution
at horizon crossing until they become again sub horizon sized at late times. In the following
we neglect in (4.11) all contributions which vanish in the limit η → 0.
Since we do not expect any sensible deviation from gaussianity, it remains true that
all information on CMB temperature anisotropy is encoded in the correlation functions
〈a∗lm al′m′〉. In the standard case one gets8
〈ζ∗k ζk′〉 ∝ |vk|2 δ3
(
k− k′) , (4.13)
and for the coefficients of the CMB power spectrum
〈a∗lm al′m′〉 = C0 (l) δll′δmm′ . (4.14)
In this last expression, the uncorrelation for l 6= l′ is simply a consequence of the rotational
invariance of |ζk| in eq. (4.13). In our case, from (4.11), we see that eq. (4.13) should be
replaced by ∫
d3x1
(2π)3/2
d3x2
(2π)3/2
eik·x1e−ik
′·x2〈ζ(x1, η) ∗ ζ(x2, η)〉 ≃
≃ 〈ζ∗k ζk′〉 ∝ |vk|2 δ3
(
k− k′) ∝ k−3(1− 3
2
ǫ2 sin2 ϑ
)
, (4.15)
with 1/k, 1/k′ ≫ |η| ≃ 0. Therefore we get
〈a∗lmal′m′〉 ≃ C0(l)
{
δl,l′δm,m′
[
1 +
3
2
ǫ2
(
(l + 1)2 −m2
(2l + 1)(2l + 3)
+
l2 −m2
(2l − 1)(2l + 1) − 1
)]
− (4.16)
−
(
3ǫ2T˜ll′
2(4l − 3)
√
((l − 1)2 −m2)(l2 −m2)
(2l − 1)(2l + 1) δl−2,l′δm,m′ − l↔ l
′
)}
,
where
T˜ll′ ≡
∫∞
0
dk
k T (k, l) T (k, l′)∫∞
0
dk
k T 2 (k, l)
∼ 1 , (4.17)
for scales of cosmological interest l ≥ 100, and for l′ = l±2.
7This result agrees with what has been obtained in one of the two scenarios considered in ref. [14], with
Θij ∼ a−2. The same conclusion should also hold a fortiori in the other ansatz they consider (a step
function behaviour for Θµν) since, at the energy scale relevant for CMB, Θij = 0, and their ∗ product
reduces to ordinary pointwise product.
8Hereafter we neglect numerical coefficients which factorize in the final expression (4.16).
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The correlation (4.16) between different multipoles l and l±2 is the main effect of the
preferred direction singled out by Θ12 and, at least in principle, may be tested in future
CMB experiments like PLANCK. As we already noticed, this effect is not diluted by the
expansion, since it is related to momentum distribution of fluctuations at horizon crossing.
Notice that the breaking of isotropy leads, in our model, to a quadrupole effect rather
than, as one may have expected, to a dipole term. This is due to the fact that the first
modifications induced by the ∗ product (2.6) are of quadratic order in Θµν .
5. Conclusions
In this work we have discussed how cosmological perturbations may be affected by a mod-
ification of standard physics at short distances motivated by Noncommutative Geometry.
These studies in the framework of inflationary cosmology provide a unique chance to test
physical laws at very small scales, since the perturbations are generated as quantum fluc-
tuations on sub horizon scales (d < (1013 GeV)−1), and then stretched to cosmological
sizes.
To study the evolution of perturbations during inflation, we have adopted a (nonas-
sociative) covariant generalization of the ⋆ product used in flat spaces, characterized by a
length scale Λ−1 constant in physical coordinates. This parameter is related to the vacuum
expectation value of the antisymmetric tensor Θµν . At physical distances much greater
than Λ−1 this product reduces to the usual one, and standard physics is recovered. The
deformed action for fluctuations has been studied at second order in a Θ perturbative
expansion. The regime of validity of this analysis is carefully discussed in the paper, as
well as associativity, which is preserved at this level of approximation. The main effect on
fluctuations turns out to be a modified dispersion relation, which breaks isotropy.
Finally we have discussed how these effects may be possibly detected in the CMB
anisotropy. While the gaussian character of the fluctuations is preserved, the particular
direction taken by the nonvanishing 〈Θij〉 breaks isotropy. Since the main effect is quadratic
in Θµν , this leads to a quadrupole contribution to the CMB spectrum. The size of the
quadrupole term is of order (H/Λ)4, where H is the Hubble parameter during inflation.
Thus, it can be visible only provided the scale Λ−1 is not much smaller than the size of
the horizon during inflation. Forthcoming satellite experiments, with improved detection
accuracy, as well as a wider sky coverage, may give a chance for detection of this small
quadrupole contribution.
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